Abstract. Velásquez and Felipe recently introduced quasi-Jordan algebras based on the product a b = 1 2 (a b + b a) in an associative dialgebra with operations and . We determine the polynomial identities of degree ≤ 4 satisfied by this product. In addition to right commutativity and the right quasi-Jordan identity, we obtain a new associator-derivation identity.
(a b + b a) in an associative dialgebra with operations and . We determine the polynomial identities of degree ≤ 4 satisfied by this product. In addition to right commutativity and the right quasi-Jordan identity, we obtain a new associator-derivation identity.
Loday [1, 2] defined an (associative) dialgebra to be a vector space with two bilinear operations a b and a b satisfying these polynomial identities: Let w be a dialgebra monomial over X: w = a 1 · · · a n for a 1 , . . . , a n ∈ X where the bar indicates some placement of parentheses and some choice of operations. We define the center c(w): if w ∈ X then c(w) = w; otherwise c(w 1 w 2 ) = c(w 1 ) and c(w 1 w 2 ) = c(w 2 ).
Lemma 1. [2]
If w = a 1 · · · a n and c(w) = a k then w = (a 1 · · · a k−1 ) a k (a k+1 · · · a n ).
We write w = a 1 · · · a k−1 a k a k+1 · · · a n for this normal form of w.
Lemma 2. [2]
The monomials a 1 · · · a k−1 a k a k+1 · · · a n (1 ≤ k ≤ n; a 1 , . . . , a n ∈ X) form a basis of the free dialgebra on X.
Velásquez and Felipe [3, 4] introduced the (right) quasi-Jordan product in a dialgebra over a field of characteristic = 2:
We omit the operation symbol and the scalar 
Lemma 4. [3] The quasi-Jordan product satisfies the right quasi-Jordan identity:
(ba)a 2 = (ba 2 )a.
Expanding both sides gives the same result:
(ba)a 2 = (b a + a b) (a a + a a) + (a a + a a) (b a + a b)
= (b a) (a a) + (b a) (a a) + (a b) (a a) + (a b) (a a)
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Remark 5. Velásquez and Felipe [3] state that the quasi-Jordan product satisfies the left quasi-Jordan identity a 2 (ab) = a(a 2 b). In fact we have
In this paper we determine a set of generators for the identities of degree ≤ 4 satisfied by the quasi-Jordan product over a field of characteristic 0; we may assume that the identities are multilinear (Zhevlakov et al. [5] , Chapter 1).
Theorem 6. Every polynomial identity of degree ≤ 3 satisfied by the quasi-Jordan product is a consequence of right commutativity.
Proof. The 2 association types ( * * ) * , * ( * * ) and 6 permutations of a, b, c give 12 nonassociative monomials, ordered as follows: We expand each nonassociative monomial with the quasi-Jordan product:
By permutation of a, b, c we obtain the remaining expansions:
Let E 3 be the 18×12 matrix whose (i, j) entry is the coefficient of the i-th dialgebra monomial in the expansion of the j-th nonassociative monomial. The nullspace of E 3 consists of the identities in degree 3 satisfied by the quasi-Jordan product.
The matrix E 3 is on the left side of Table 1 (. for 0); on the right side is the row canonical form (upper block) and the canonical basis of the nullspace (lower block). The nullspace basis vectors are the coefficient vectors of the permutations of the right commutative identity:
Theorem 7. Every polynomial identity of degree ≤ 4 satisfied by the quasi-Jordan product is a consequence of right commutativity and these identities in degree 4: The identities J and K are independent: neither implies the other. 
Each symmetry divides the number of monomials by 2, so types 1, 2, 3, 4 have 24, 12, 12, 12 monomials. We order these 60 monomials by association type and by lex order of the permutation (Table 2 ). There are 96 dialgebra monomials: in each permutation each factor can be the center. We order these monomials by the position of the center and by lex order of the permutation (Table 3) . We expand each nonassociative monomial and replace each dialgebra term by its normal form: 
= abcd + bcd a + adbc + dbc a + acbd + cbd a + adcb + dcb a. Table 4 (+ for 1) gives the 96 × 60 matrix E 4 whose (i, j) entry is the coefficient of the i-th dialgebra monomial in the expansion of the j-th nonassociative monomial. Table 5 gives the row canonical form in the upper block (− for −1), and the canonical basis of the nullspace in the lower block. The rank is 44 and the nullity is 16. Nullspace basis vectors 1-4 represent the identities above the line in Table 6 which span an S 4 -module generated by the identity J. In J, if we (simultaneously) replace a by b, and b, c, d by a, then we obtain 3(ba 2 )a − 3(ba)a 2 ; this is equivalent to the right quasi-Jordan identity (since char F = 3). If we linearize the right quasi-Jordan identity and apply right commutativity then we obtain
this is equivalent to identity J (since char F = 2). Nullspace basis vectors 5-16 represent the identities below the line in Table 6 which span an S 4 -module generated by the identity K. The S 4 -submodules generated by J and K have zero intersection, and so J and K are independent. Velásquez and Felipe [3] define a quasi-Jordan algebra to be a nonassociative algebra satisfying the identities of Lemmas 3 and 4. We propose the following more restrictive definition which includes the nonlinear version of the identity K. 
